In this study compatibility with a tree for unphased genotype data is discussed. If the data are compatible with a tree, the data are consistent with an assumption of no recombination in its evolutionary history. Further, it is said that there is a solution to the perfect phylogeny problem; i.e., for each individual a pair of haplotypes can be defined and the set of all haplotypes can be explained without invoking recombination. A new algorithm to decide whether or not a sample is compatible with a tree is derived. The new algorithm relies on an equivalence relation between sites that mutually determine the phase of each other. (The previous algorithm was based on advanced graph theoretical tools.) The equivalence relation is used to derive the number of solutions to the perfect phylogeny problem. Further, a series of statistics, R j M , j Ն 2, are defined. These can be used to detect recombination events in the sample's history and to divide the sample into regions that are compatible with a tree. The new statistics are applied to real data from human genes. The results from this application are discussed with reference to recent suggestions that recombination in the human genome is highly heterogeneous.
C URRENT efforts, initiated by the National Human Genome Research Institute (http://www.genome. Individual 1: 2 2 Individual 2: 0 0 Individual 3: 1 1 gov), seek to accomplish a haplotype map of the human genome. One idea underlying these efforts is that reHere 0 and 1 denote that an individual is homozygous combination in the human genome happens mainly for the 0 and 1 allele, respectively, and 2 denotes that in localized regions, so-called hotspots, with little or an individual is heterozygous. Depending on how the virtually no recombination going on between the hotphase of the double heterozygote, 2 2, is assigned, the spots (e.g., Gabriel et al. 2002, and references therein) .
inferred haplotypes are indicative of recombination (or This suggests a block-structured genome, where markers gene conversion) in the sample's history or consistent within the same block preferentially are inherited towith an assumption of no recombination. The presence gether. In consequence, one should be able to infer the of the four possible gametes in two sites is taken as evidence location of hotspots (or, equivalently the boundaries of of recombination (cf. the four-gamete test; Hudson and the nonrecombining blocks) from a detailed map of Kaplan 1985) , which is a reliable indicator as long as markers, e.g., single-nucleotide polymorphisms (SNPs), recurrent mutations are rare or absent. In the following spread throughout the genome. This has been atall mutation events are assumed to be unique. tempted by various groups; among these are Daly et al. Recently, Gusfield (2002) showed that it can be de-(2001), Jeffreys et al. (2001) , Johnson et al. (2001) , termined efficiently whether a sample of unphased geand Gabriel et al. (2002) . Unfortunately, when markers notypes (e.g., the example given above) is consistent are spread with long distances between them, it is experiwith the assumption of no recombination. If it is consismentally difficult and time-consuming to obtain infortent, then the sample is said to be compatible with a mation about phase, i.e., whether a marker allele has tree: A pair of haplotypes can be defined for each indipaternal or maternal origin. One must then rely on vidual and the genealogical history of all these haplounphased data. Unphased data, in contrast to phased types can be illustrated with a tree. It is said that there data, contains less information about the evolutionary is a solution to the perfect phylogeny haplotype (PPH) probhistory of a sample and increases the risk of inferring lem (Gusfield 2002 , and references therein). Potennonexisting hotspots or, oppositely, failing to infer existtially pairs of haplotypes can be defined in various ways ing hotspots and actual recombination events. To be resulting in multiple solutions to the PPH problem. concrete, consider the following sample with three indiGusfield's algorithm to determine whether or not the viduals genotyped for two markers, PPH problem has a solution can be used to screen the data and divide markers into disjoint blocks that are all compatible with a tree. (This relies essentially on insight 1 or the number of regions with different evolutionary histories. This work extends and adds to Gusfield's work. He applied advanced graph theoretical tools to derive the algorithm. In this article a simpler and more intuitive algorithm is developed, on the basis of an equivalence relation between sites that mutually determine each other's phase. Using the equivalence relation, one can derive analytically the number of different solutions to the There has been some work on the related problem not the haplotypes. A double heterozygote, a 2 2 in a row, of inferring recombination from phased data, i.e., from can be resolved in either of two ways, as illustrated. The phase of the first heterozygote in a row can be assigned arbitrarily, haplotype data. It is a considerably simpler problem i.e., whether it is 0 on top of 1, denoted (0, 1), or 1 on top because compatibility with a tree can be characterized of 0, denoted (1, 0), for reasons of symmetry.
in terms of the four-gamete test (Estabrook et al. 1975; Gusfield 1991) . Thus, whether a sample of phased genotypes is compatible with a tree can be decided by sion: In applications the new statistics are applied to comparing sites pairwise. For unphased data such a simsimulated data, and in the discussion they are applied ple characterization does not exist.
to haplotype data from two human genes, the APOE One commonly applied statistic for inferring recomgene and the ␤-globin gene. Last, in the discussion bination from phased data is Hudson and Kaplan's the presented work is discussed and direction for future (1985) R M , a lower bound to the number of recombinaresearch pointed out. All proofs are derived in the aption events in the evolutionary history of the sample. It pendix. is based on the four-gamete test. Wiuf (2002) showed that the sample can be divided into R M ϩ 1 disjoint blocks, such that each block is compatible with a tree, SETTING AND DEFINITIONS and that this cannot be done with fewer than R M ϩ 1 blocks. Thus, R M can be seen as an estimator of the Let S be a matrix of m biallelic unphased genotypes with alleles 0 and 1, sampled from n individuals, i.e., number of blocks between hotspots in the genome or as an estimator of the number of regions with different S ϭ (s ij ) i ,j , i ϭ 1, 2, . . . , n, and j ϭ 1, 2, . . . , m. The columns are sites, and the rows are pairs of unphased evolutionary histories. Myers and Griffiths (2003) extended Hudson and Kaplan's (1985) work in various chromosomes, one pair for each of n individuals. The matrix S has entries 0, 1, and 2. The entry s ij is 0 if both ways; in particular they developed a general method or framework for inferring recombination. In this framecopies of the allele are 0, s ij ϭ 1 if both copies are 1, and s ij ϭ 2 if one copy is 0 and the other is 1. Thus, work R M is just one of many possible statistics for this purpose. Their framework is not restricted to phased individual i is homozygous for site j, if s ij ϭ 0 or s ij ϭ 1, and heterozygous if s ij ϭ 2. Note that 0 and 1 are used data, but applies equally to unphased data. Here, it is used to define an increasing series of statistics, R (unphased) tion is illustrated in Figure 1 . The haplotypes determine the genotypes uniquely, sample can be divided into R m M ϩ 1 disjoint blocks, all compatible with a tree, and that this cannot be done with and the opposite statement is not true. Phase can be assigned to a double heterozygote in either of two ways fewer than R do. Throughout, "to resolve a heterozygote, a double heterozygote, a site, a pair of sites, S etc.," is used in The new statistics are applied to simulated and real data and compared to the "ideal" statistic R M .
the sense "to assign phase to the genotype(s) of a heterozygote, a double heterozygote, a site, a pair of sites, a The next section introduces the setting and the following section (examples) gives examples to motivate row, S etc.," and "resolution" as the resolved (phased) genotypes (in that Clark 1990 is followed). A compatifurther theoretical development. In results general analytical results about compatibility for unphased geble resolution is a resolution for which the set of inferred haplotypes is compatible with a tree. Thus, a compatible notypes and the equivalence relation are presented. The results are applied in applications and in the discusresolution is a solution to the PPH problem.
Two sites, i and j, can have identical columns, s i ϭ s j , or identical columns after interchanging 0's and 1's, leaving 2's unchanged. This is denoted i Ϸ j.
A number of definitions are required to carry on.
Definition 1. S is said to be compatible if there is a compatible resolution of S. If S is not compatible, S is said to be incompatible. However, S can be k-incompatible for at most one k. Furthermore, 2-incompatibility has a property that is i k ‫ف‬ r j (i 1 , . . . , i k need not be different). Thus, if there not shared by k-incompatibility, k Ͼ 2. For S to be is a resolution of (s i s j ), compatible with a resolution 2-incompatible there must be two sites from which of the sites i 1 , i 2 , . . . , i k , then it can be found by reall four gametes can be inferred, irrespective of how peated application of ‫ف‬ r . The relations "resolvable" and double heterozygotes are resolved.
"weakly resolvable" are obviously symmetric, but in general not reflexive; e.g., if site i is a single heterozygote, Definition 3. Let (i, j) be a pair of sites. Define het s i ϭ (2) (n ϭ m ϭ 1), then the relations i ‫ف‬ r i and (i, j) by het(i, j) ϭ 1, if there is a double heterozygote i ‫ف‬ w i fail. However, if a site j exists, such that i ‫ف‬ w j in (s i s j ), and het(i, j) ϭ 0, otherwise.
and
Also transitivity might fail, because het(i, j) ϭ 1 does ously resolved. If het(i, j) ϭ 1, this is not the case. not in general follow from i ‫ف‬ r k and j ‫ف‬ r k (and similarly for ‫ف‬ w ). Definition 4. Let (i, j) be a pair of sites. The pair is
In the next section a few examples that relate to the said to be resolvable, i ‫ف‬ r j, if het(i, j) ϭ 1 and there definitions are given. exists a unique compatible resolution of (s i s j ). S is said to be resolvable, if for any pair of sites (i, j) either (1) het(i, j) ϭ 0 or (2) i ‫ف‬ r j.
EXAMPLES
Gusfield (2002) studied the submatrix, S 01 , of colBelow is an example, S 1 , that is 2-compatible, but not umns with at least one instance of 1 and one instance 3-compatible. Hence S 1 is 3-incompatible. This shows of 0. If S 01 is compatible, then S 01 is resolvable. However, that compatibility for genotypes cannot be characterDefinition 4 does not require that 0 and 1 are present ized similarly to compatibility for haplotypes. The main all sites. Also note that "resolvability" is defined on trix S 1 has n ϭ 4 individuals and m ϭ 3 sites: pairs of sites, rather than on double heterozygotes. Definition 5. Let (i, j) be a pair of sites. The pair is said to be weakly resolvable, i ‫ف‬ w j, if het(i, j) ϭ 1 and 1 2 3 2 2 2 1 1 0 1 0 1 0 0 0
For a 3-incompatibility to occur there must be a row of Figure 2 illustrates Definition 5 through three examthree 2's (cf. Theorem 1 in the next section 
(the two rows above the lower line represent the reunique. The simplest example of this kind is a double heterozygote (2 2) that can be resolved in either of two solved heterozygotes). In either case, an incompatibility occurs, and the relation ‫ف‬ r cannot be applied consisways. It is important to note that there is no similar characterization of compatibility for k Ͼ 2. In general, tently without creating an incompatibility.
Note that this is the smallest possible example of a 2-compatibility is a necessary condition for compatibility to hold, not a sufficient condition. 3-incompatibility, in terms of both the number of sites and the number of individuals. There are examples of Theorem 2. Assume that S is resolvable. Then S is compatik-incompatibilities for all k.
As a second example consider S 2 given by ble if and only if S is 3-compatible. As a consequence, if S is compatible then any resolution of S is unique.
Next, a number of results about ‫ف‬ w are presented. To this end it is useful to develop ‫ف‬ w into an equivalence relation, ‫ف‬ e .
1 2 3 4 5 6 2 2 2 2 2 0 0 2 0 2 2 0 2 0 2 2 2 0 0 0 2 2 2 0 0 0 0 0 2 2 0 0 0 2 0 2 The relation i ‫ف‬ e j (or i ‫ف‬ w j) does not imply that (s i s j ) ating an incompatibility. In consequence, there are two compatible resolutions of S 2 or, equivalently, two soluis 2-compatible. This is implied only by i ‫ف‬ r j. Consider, tions to the PPH problem for S 2 .
However, if the sites 1, 2, and 3 are given by 1 2 3 2 2 2 0 2 2 1 2 0 2 0 2 1 2 3 2 2 0 0 2 2 2 0 2 0 0 0 0 0 0 0 0 0 Here, 1 ‫ف‬ r 3 and 2 ‫ف‬ r 3 , so 1 ‫ف‬ e 2 (and 1 ‫ف‬ w 2), but (s 1 s 2 ) is obviously 2-incompatible. If S is 2-compatible and i ‫ف‬ e j for all i and j, then S can still be incompatible. Define E 0 by then the sites 1, 2, and 3 are still mutually weakly resolv-E 0 ϭ {i|het(i, j) ϭ 0 for all j ϶ i}, able and compatible, but not compatible with the sites 4, 5, and 6. The sites 3 and 4 become incompatible.
and consider the equivalence classes of ‫ف‬ e . The sites i and j are in the same class if and only if i ‫ف‬ e j. Figure 3 . If the condition in Theorem 1 is fulfilled and S is compatible, then a compatible resolution might not be For easy notation the following is defined. The matrix S 3 in examples illustrates the result of het(i, j) ϭ 1 and i ‫ف‬ r j fails, write i Ͻ j with s i and s j given as in Figure 3 . If het(i, j) ϭ 0, write i ⊥ j. the lemma.
If i and j are distinct sites, but i Ϸ j, then it is possible Definition 8. Let ε ʕ {E 1 , E 2 , . . . , E M } be such that that i Ͻ j and j Ͻ i; e.g.,
Another example of this kind consists of the 2. if E ␣ ʦ {E 1 , E 2 , . . . , E M }, then E ␤ ʦ ε exists such that two columns labeled i in Figure 3 (see also Corollary 1).
Theorem 3. Assume that S is 2-compatible and let F 1 and At set ε fulfilling 1 and 2 is called a set of terminals, and the elements in ε are terminals. Note that if ε 1 and F 2 be given. Then F ʕ F 1 ϫ F 2 exists, possibly empty, such that i Ͻ j for all (i, j) ʦ F and i ⊥ j for all (i, j) 
events between the sites i and j. Such a bound can be obtained in many ways. For example, Hudson and
Kaplan ( 1985) bound. This is taken up in the discussion. Consider E ␣ , ␣ Ͼ 0. All double heterozygotes in E ␣ can be resolved using ‫ف‬ r and the sites in E ␣ only (cf. The second step is an algorithm for calculating a combined bound B ij that respects all the bounds b iЈjЈ , i Յ iЈ Ͻ Lemma 2). However, the resolution might depend on the order in which ‫ف‬ r is applied (as illustrated in examjЈ Յ j. Their algorithm is given by ples). Let i, j ʦ E ␣ and assume that (s i s j ) can be resolved . It follows that in the given order eventually gives the phase of (s i s j ). 
Simulated results Denote the global bound based on b
a n, number of individuals; there are 2n haplotypes.
Lemma 5. For k Ն 2, simulations, the scaled mutation rate per gene (or genomic region), , is fixed, ϭ 10, and the ratio ␣ ϭ / Let [x, y] denote the interval of integers z, such that is varied. Here is the scaled recombination rate per
gene. Two models for the recombination process were used: (A) a model with one hotspot in the middle of
the gene, i.e., two blocks of equal size, and (B) a model m, recursively by with flat rate; i.e., recombination happens uniformly along the gene. Table 1 gives a summary of the simula-1. I 1 ϭ (I recombination rate is high, blocks are more easily in-
ferred. The expected number of segregating sites is Watterson 1975) , which is 34.5 for 3. if s kϩ1 is incompatible with the sites in I k i k , then i kϩ1 ϭ i k ϩ n ϭ 10 and 51.8 for n ϭ 50. In consequence, E(S n )/2 1 and is the average number of variable sites in one block; e.g., E(S 50 )/2 ϭ 25.9, if n ϭ 50.
The situation is different for the flat rate model. If
is high, then a chromosome becomes distributed onto many different ancestral genomes in the course of evolutionary time. The number of recombination events that Then I m ϭ (I Gene data: Data from two genes were chosen. They via simulations. The neutral coalescent with recombinawere split into five data sets. The first data set is comtion, constant population size, and infinite-site mutation (Hudson 1983) was used to generate samples of haploposed of 60 chromosomes sequenced at the ␤-globin locus (Fullerton et al. 1994) . The other four data sets events affect the history of a small fraction of the sample consist of chromosomes sequenced at the APOE gene only. As a consequence, the LD measure also is affected sampled at four different locations around the world, only marginally. At least naively, this does not seem to each composed of 48 chromosomes (Fullerton et al.
be appropriate: Hotspot recombination increases the 2000). In addition, the four APOE samples were comrate of recombination in the region around a hotspot, bined into one data set of 192 chromosomes. Table 2 but should not impose constraints on the time of particprovides a summary of the data. ular events. To investigate the performance of R by R j M might be due to gene conversion, and others data sets and compared to R M , calculated on the true might be due to recent events affecting only a minority haplotypes. Table 4 ). Less recomhotspot delimited. However, due to different demobination break points are detected and some sort of block structure emerges. The same was observed in sim -TABLE 4 ulated data with a flat recombination rate (results not shown). It seems that a supposed block structure can Common haplotypes only be an artifact of how the data are analyzed. This is taken up further in the discussion. and gene conversion events. In general, these types of
